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Abstract
In this note, we prove: if (xij ) is an m× n matrix with non-negative real entries, which are
not all equal to 0, then for p  1, the following inequality holds:
mp−1 + np−1
(mn)p−1 + min(mp−1, np−1)

mp−1∑mi=1(∑nj=1 xij )p + np−1∑nj=1(∑mi=1 xij )p
(
∑m
i=1
∑n
j=1 xij )p + (mn)p−1
∑m
i=1
∑n
j=1 x
p
ij
.
The case p = 2 of our result reduces to the inequality obtained recently by H. Alzer [Linear
Algebra Appl. 323 (2001) 195]. © 2002 Elsevier Science Inc. All rights reserved.
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In [1], Alzer proved the following matrix inequality:
Theorem A. Let (xij ) be an m× n matrix with non-negative real entries, which are
not all equal to 0. Then we have
m+ n
mn+ min(m, n) 
m
∑m
i=1(
∑n
j=1 xij )2 + n
∑n
j=1(
∑m
i=1 xij )2
(
∑m
i=1
∑n
j=1 xij )2 +mn
∑m
i=1
∑n
j=1 x2ij
. (1)
If m = 1 or n = 1, then the sign of equality holds in (1). If 2  m  n, then equality
is valid in (1) if and only if r1 = · · · = rm and
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x2ij = rixij = cj xij (i = 1, . . . , m, j = 1, . . . , n). (2)
If 2  m  n, then equality is valid in (1) if and only if c1 = · · · = cn and (2)
holds. Here
ri =
n∑
j=1
xij , cj =
m∑
i=1
xij
denote the row sums and the column sums, respectively.
In this note, by applying Hölder’s inequality, we prove the following inequality
and give the condition at which the equality holds.
Theorem 1. Let (xij ) be an m× n matrix with non-negative real entries, which are
not all equal to 0. Then for p  1, we have
mp−1 + np−1
(mn)p−1 + min(mp−1, np−1)

mp−1
∑m
i=1(
∑n
j=1 xij )p + np−1
∑n
j=1(
∑m
i=1 xij )p
(
∑m
i=1
∑n
j=1 xij )p + (mn)p−1
∑m
i=1
∑n
j=1 x
p
ij
. (3)
If p = 1 or m = 1 or n = 1, the equality holds in (3). If p > 1, 2  m  n, the
equality in (3) holds if and only if each row of (xij ) has only one non-zero entry
and these non-zero entries are equal, or each column of (xij ) has only one non-zero
entry and these entries are equal.
Before proving Theorem 1, we prove a proposition which is a refinement of Höld-
er’s inequality.
Proposition 1. Let aij > 0 (1  i  m, 1  j  n), pj > 1,
∑n
j=1 p
−1
j = 1. De-
fine a function h : R → R+
h(t) =
n∏
k=1

 m∑
i=1

 n∏
j=1
aij


1−t
(a
pk
ik )
t


1/pk
. (4)
Then
h′(t)
{
 0 if t  0,
 0 if t  0, (5)
and
h(0) =
m∑
i=1
n∏
j=1
aij 
n∏
j=1
(
m∑
i=1
a
pj
ij
)1/pj
= h(1). (6)
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The equality in (6) holds if and only
a
pk
ik
/(
n∏
τ=1
aiτ
)
= apkjk
/(
n∏
τ=1
aiτ
)
for 1  i, j  m, k = 1, 2, . . . , n.
That is
a
pk
1k∏n
j=1 a1j
= a
pk
2k∏n
j=1 a2j
= · · · = a
pk
mk∏n
j=1 amj
, k = 1, . . . , n. (7)
In this case h′(t) ≡ 0, t ∈ R (inequality (6) is the well-known Hölder’s inequality
in multivariables).
For the proof of Proposition 1, we need the following lemmas:
Lemma 1. Let bi =∏nj=1 aij , i = 1, . . . , m. Then ∑nk=1 p−1k (∑mi=1 bi log cik) =
0, where cik = apkik /bi, i = 1, . . . , m, k = 1, . . . , n.
Proof. Since bi =∏nj=1 aij , we have log bi =∑nj=1 log aij and
n∑
k=1
p−1k log cik=
n∑
k=1
p−1k log(a
pk
ik /bi)
=
n∑
k=1
p−1k (pk log aik − log bi)
=
n∑
k=1
log aik −
n∑
k=1
p−1k log bi
= log
n∏
k=1
aik − log bi = 0, i = 1, . . . , m,
where we have used the fact
∑n
k=1 p
−1
k = 1. It follows that
n∑
k=1
p−1k
(
m∑
i=1
bi log cik
)
=
m∑
i=1
bi
(
n∑
k=1
p−1k log cik
)
= 0. 
The following result is evident.
Lemma 2. If a, b are positive numbers, then
(log a − log b)(at − bt )
{
 0 if t  0,
 0 if t  0 (8)
and the equality holds if and only if (a − b)t = 0.
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Proof of Proposition 1. By the definition of bi and cik in Lemma 1, we have for
t ∈ R,
h(t)=
n∏
k=1

 m∑
i=1

 n∏
j=1
aij


1−t
(a
pk
ik )
t


1/pk
=
n∏
k=1
[
m∑
i=1
bi
(
a
pk
ik
bi
)t]1/pk
=
n∏
k=1
[
m∑
i=1
bic
t
ik
]1/pk
.
Let H(t)= logh(t). Then from Lemmas 1 and 2, we obtain sgnH ′(t)=sgnh′(t) and
H ′(t)=h′(t)/h(t) =
n∑
k=1
p−1k
(
∑m
i=1 bictik log cik)∑m
i=1 bictik
=
n∑
k=1
p−1k
(
∑m
i=1 bictik log cik)∑m
i=1 bictik
−
n∑
k=1
p−1k
(
∑m
i=1 bi log cik)∑m
i=1 bi
=
n∑
k=1
p−1k
∑
1i<jm bibj (log cik − log cjk)(ctik − ctjk)
(
∑m
i=1 bi)(
∑m
i=1 bictik)
{
 0 if t  0
 0 if t  0.
The equality holds if and only t = 0 or c1k = c2k = · · · = cmk, k = 1, . . . , n, that
is, (7) holds. 
Proof of Theorem 1.
Claim 1. Let n = 2, ai1 = ri =∑nj=1 xij , ai2 = 1, i = 1, . . . , m, we have for
p  1,
 m∑
i=1
n∑
j=1
xij


p
=
(
m∑
i=1
ri
)p
= mp−1
m∑
i=1
r
p
i − f (r1, r2, . . . , rm),
where
f (r1, . . . , rm) = −
(
m∑
i=1
ri
)p
+mp−1
m∑
i=1
r
p
i  0
and f (r1, r2, . . . , rm) = 0 if and only if r1 = r2 = · · · = rm.
Indeed, define
g(t) = hp(t) =
(
m∑
i=1
r
1+(p−1)t
i
)(
m∑
i=1
r1−ti
)p−1
, t ∈ [0, 1], p  1.
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Then
g(0) =
(
m∑
i=1
ri
)p
, g(1) =
(
m∑
i=1
r
p
i
)
mp−1
and
g(1)− g(0) = g′(θ), θ ∈ (0, 1).
Since
g′(θ) = php−1(θ)h′(θ)  0, θ > 0,
and the equality holds if and only if
r1 = r2 = · · · = rm.
Claim 2. With xij , ri defined above, for p > 1, we have
r
p
i 
n∑
j=1
x
p
ij , i = 1, . . . , m, cpj 
m∑
i=1
x
p
ij , j = 1, . . . , n (9)
with equality holds if and only if ri = 0 (cj = 0) or xij0 = ri (xi0j = cj ) and xij = 0
for j /= j0. j, j0 ∈ {1, . . . , n} (i /= i0, i, i0 ∈ {1, . . . , m}).
In fact, let uj = xij for fixed i ∈ {1, . . . , m}. Then for ri > 0, we have∑n
j=1 x
p
ij
r
p
i
=
n∑
j=1
(
xij
ri
)p
=
n∑
j=1
(
uj∑n
k=1 uk
)p
=
n∑
j=1
v
p
j ,
where vj = uj/∑nk=1 uk  1. As xp  x for 0  x  1, p > 1, with equality holds
if and only if x = 0 or x = 1, we have
n∑
j=1
v
p
j 
n∑
j=1
vj = 1
with equality holds if and only if one of {vj } equals 1 and the others equal 0.
Write τ = p − 1. First we assume m  n. Then (3) can be written as S(m, n) 
0, where
S(m, n)=m
2τ (1 + nτ )
mτ + nτ
m∑
i=1
r
p
i +
(mn)τ (1 + nτ )
mτ + nτ
n∑
j=1
c
p
j
−
(
m∑
i=1
ri
)p
− (mn)τ
m∑
i=1
n∑
j=1
x
p
ij (10)
with ri =∑nj=1 xij , cj =∑mi=1 xij .
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From Claim 1,(
m∑
i=1
ri
)p
= mτ
m∑
i=1
r
p
i − f (r1, . . . , rm)
with f (r1, . . . , rm)  0 and f = 0 if and only if r1 = · · · = rm. Substituting the
above equality into (10), we obtain
S(m, n)=m
τnτ (mτ − 1)
mτ + nτ
m∑
i=1
r
p
i +
mτnτ (1 + nτ )
mτ + nτ
n∑
j=1
c
p
j
−mτnτ
∑
i,j
x
p
ij + f (r1, . . . , rm)
=m
τnτ (mτ − 1)
mτ + nτ

 m∑
i=1

rpi −
n∑
j=1
x
p
ij



+ mτnτ (1 + nτ )
mτ + nτ
×

 n∑
j=1
(
c
p
j −
m∑
i=1
x
p
ij
)
+ f (r1, . . . , rm). (11)
If m  n, by using the similar arguments as in the case m  n, we obtain that (3) is
equivalent to T (m, n)  0, where
T (m, n)=m
τnτ (nτ − 1)
mτ + nτ

 n∑
j=1
(
c
p
j −
m∑
i=1
x
p
ij
)
+ mτnτ (1 + nτ )
mτ + nτ
×

 m∑
i=1

rpi −
n∑
j=1
x
p
ij



+ g(c) (12)
with g(c)  0 and g(c) = 0 if and only if c1 = c2 = · · · = cn.
From Claims 1 and 2, S(m, n)  0, T (m, n)  0, and the equalities hold if p = 1
or m = 1 or n = 1. For p > 1 and 2  m  n, S(m, n) = 0 if and only if
r1 = r2 = · · · = rm,
ri = xiji > 0 for some ji ∈ {1, . . . , n}, i = 1, . . . , m. (13)
For p > 1 and 2  n  m, T (m, n) = 0 if and only if
c1 = c2 = · · · = cn,
cj = xij j for some ij ∈ {1, . . . , m}, j = 1, . . . , n.  (14)
Corollary 1. Let (xij ) be an m× n (0, 1)-matrix with row sums ri, column sums
cj , and entries summing to σ > 0. Then for p  1, we have
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(mτ + nτ )σ 2
(mn)τ + min(mτ , nτ ) +
(mτ + nτ )(mn)τ σ
(mn)τ + min(mτ , nτ )  m
τ
m∑
i=1
r
p
i + nτ
n∑
j=1
c
p
j ,
τ = p − 1. (15)
The equality in (15) holds if p = 1 or m = 1 or n = 1.
If 2  n  m, then equality in (15) holds if and only if each row has exactly one
1 and each column has at most one 1. If 2  n  m, then equality in (15) holds if
and only if each column has exactly one 1 and each row has at most one 1.
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